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ABSTRACT 


The classification and construction of open-channel projection operators for a given 
rearrangement collision are developed from the unifying viewpoint of their projective 
spaces in the total Hilbert space of the system. The representative case of the pickup or 
stripping process is treated. The open-channel projection operators are constructed 
from the channel-subspace projectors with the help of generalized channel transformation 
functions. Various projection operators that can be obtained in closed form are identi- 
fied. The use of the projection operators to obtain coupled equations describing the 
reaction is discussed, including their application to generalized potential models. 
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SUMMARY 

As shown by Feshbach, coupled- channel equations that describe a reaction can be 
obtained by means of an open-channel projection operator. For a given rearrangement 
collision, the classification and construction of such operators are developed herein from 
the unifying viewpoint of their projective spaces, which are subspaces of the total Hilbert 
space of the system. The open-channel projection operators are not unique, but the 
practical limitations on their choice are made clear when their construction is viewed in 
terms of the fundamental channel subspaces that arise naturally in the problem. The 
projectors for the channel subspaces are the basic ones from which the open-channel 
projectors are constructed. Generalized channel transformation functions supply all the 
information needed for this purpose. The representative case of the pickup or stripping 
process is treated. The various possible projection operators that can be obtained in 
closed form are identified for the two-channel case; these include those given by Feshbach 
and by Chen and Mittleman, as well as new ones suggested by the methods presented 
herein. In all cases, the extension to the multichannel case is shown to follow easily. 

The use of projection operators to obtain the coupled equations is discussed, including 
their application to generalized potential models. The appropriate boundary conditions 
are also given in each case. 


INTRODUCTION 

Rearrangement collisions have received considerable study in the last few years. 
Within the framework of his general reaction theory, Feshbach (ref. 1) has shown how 
any reaction can be described exactly by a system of Schrodinger -type equations. The 
equations couple together various functions, each of which yields the asymptotic behavior 
of the wave function in its associated channel (or group of channels). The set of coupled 



equations is obtained from an open-channel projection operator P, in terms of which 
Feshbach* s unified reaction theory is formulated. The projection operator P that 
selects the open channels is not unique. When this method is applied to reactions involving 
simple incident and target particles (e.g. , electrons (positrons) on light atoms) or to 
more complicated target systems described by generalized potential models, it leads to 
a system of integrodifferential equations whose accurate numerical solution is within the 
capacity of a large, high-speed computer. 

For inelastic scattering, the coupled-channels method has proved to be useful, and 
is developed naturally from the unique expansion of the scattering state in the set of 
orthogonal states of the target system. By the simple projecting out of the open -channel 
components of the expansion, a system of coupled equations for these components is 
obtained. In rearrangement collisions, however, the final noninteracting states in the 
rearrangement channels are not orthogonal to those in the direct channels, and there is 
more arbitrariness in the choice of a projection operator. In a given problem, any suit- 
able projection operator will yield a set of coupled equations that is formally exact. A 
projector whose coupled equations have a form convenient for applied computations is 
desired. Such projectors exist and can be expressed in a closed form. They offer a 
practical way of treating rearrangement collisions that is free of the approximations com- 
monly used heretofore in such problems. 

Among the explicit projectors given by Feshbach (ref. 1) to illustrate various facets 
of his theory is one applicable to the case of pickup or stripping reactions. The assoc- 
iated coupled equations are also discussed. Mittleman (ref. 2) has given another projec- 
tion operator for this reaction, one designed to yield coupled equations that are easier to 
apply than those of Feshbach. Discussions relevent to Mittleman’s projector are pre- 
sented in papers by Coz (ref. 3) and Hahn (ref. 4). Mittleman* s first result was some- 
what disappointing, however, inasmuch as an auxiliary integral equation problem must 
be solved to obtain the explicit expression for his projector. Recently, Chen and 
Mittleman (refs. 5 and 6) have shown how to circumvent the difficulties in constructing 
projectors of this type. 

Herein, the treatment of projection operators for rearrangement collisions is formu- 
lated rather differently from any given previously. Basically, the problem is viewed in 
terms of the subspaces (in the total Hilbert space of the system) that arise naturally from 
the various sets of internal states occupied by the channel fragments. These channel 
subspaces provide the fundamental projectors. For every pair of open channels, where 
the fragments of one channel involve a rearrangement of the others fragments, a general 
transformation function is defined. This transformation function is the scalar product 
between two state vectors of the total system. The function contains not only the overlap 
integral of the fragments' internal states, but also the required kinematic connection 
between the coordinates describing the relative motion of the fragments in the different 
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types of channels. The transformation functions contain all the information needed to 
construct the open-channel projection operators. 

The description in terms of the channel subspaces, besides furnishing a basis for the 
construction of projection operators, reveals the relations between the various projectors 
that have already been proposed, suggests new ones, and shows the limitations on their 
possible types. In a previous work (ref. 7), a general class of open-channel projection 
operators for any given reaction was described. This class, which may well include 
most of the useful ones for computational applications, consists of every projector whose 
projective space contains, in its entirety, the channel subspace of every open channel. 
Projection operators of the type given by Mittleman and by Feshbach can be characterized 
as having certain minimal and maximal projective spaces, respectively, in the class. 

In the succeeding sections of this report, the general formalism is explained, and 
certain transformation functions are discussed. The methods are illustrated by a simple 
example (the two -channel projector first given by Mittleman), various two -channel pro- 
jectors that can be obtained in closed form are constructed, and the generalizations to the 
multichannel case are shown to follow easily. Finally, the asymptotic properties that 
provide the boundary conditions for the coupled equations are given, followed by brief 
discussions of the equations themselves. 

BASIC THEORY AND FORMALISM 
Channel Subspaces 

The various channel projection operators that occur in a given rearrangement col- 
lision are developed from the unifying viewpoint of their projective subspaces in the full 
Hilbert space of the problem. The pickup (or stripping) reaction serves as the typical 
rearrangement process in the considerations. For simplicity, it is assumed that only 
two types of channels are open. In addition, recoil effects and the effects of identity are 
neglected. Thus, the target is taken to be infinitely massive and all particles are treated 
as distinguishable. The notation used herein (see the appendix) is based on that of refer- 
ence 7, which may be consulted for further details. Although the notation appears some- 
what cumbersome, it has the advantage of exhibiting explicitly the variables that are 
employed at any given point and generalizes directly to more types of open channels or to 
other kinds of reactions. 

The symbols (5/-I), s&, and Q, respectively, are for the heavy core nucleus, the 
nucleus consisting of particle p bound to the core, and the bound system of particles 
n and p. With position vectors measured relative to the fixed center of (s^-l), let r q 
and r^ specify the positions of n and p, respectively. The set of variables for the 
particles that constitute the core nucleus are represented simply as J = (rg, . . . , r A ). 
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The center of mass of & is at R = (l/2)(Fg + F^) when the masses of n and p are 
equal. The internal motion is a function of F = r Q - Fj. Channel am consists of par- 
ticle n and nucleus si, where si is in the m th excited state with wave function 

£ )• Channel /3n consists of the fragments 9 and Cs^-1) in the states of internal 
motion given by the wave functions x^r) and 'P'j(T), respectively. The index n spec- 
ifies the pair (i, j) and is ordered toward increasing values of the total internal energy 
of the fragments. The notation (xi//) n is usually written for Xj'l'y 

Consider now the scattering state \J> for the pickup reaction. Large separations of 
the particles in the a channels correspond to large values of rg, while r^ 5 R^, i = 1, 
2, . . . ,sl; correspondingly, in the /3 channels, R becomes large, while r X: Rp, 
r^ 5 R^ p i = 2, . . . ,sl. Here, R^ is some effective radius of the nucleus si, and so 
on. If the energy is such that there are M° + 1 open a channels and N° + 1 open j3 
channels, then the asymptotic behavior of the wave function is shown as follows: 




(ro,ri,?|^^( 2 ,)- 3/2 4> m (r v l) C 


ikn- r 0 

6 mo e +A am'"fl 


K, r n) — e 


ik m r 0 


m=0 


(1) 


N° 

<R,r,?|*> - (2 tt)- 3/2 ^ [x(rW])] n A^(k 0 ,R)ie UnR (2) 

n=0 


The wave vector kg specifies the incident plane wave in channel a 0, and k m and *c n 
are the wave numbers for the relative motion of the free fragments in the channels am 

A -A 

and j3n, respectively. The transition amplitude for channel j3n is A^ n (k Q , R), and so 
forth. 

The full scalar product of the Hilbert space is formed by integration over a complete 
set of particle coordinates. Any two of the coordinates rg, r^, r, and R along with the 
coordinates £ for the core particles can be members of a complete set. Coordinates 
other than position vectors will not be indicated explicitly. If the pair (rg, F^) is used, 
the volume element for the scalar product integral is dT = drg dr^ d|. The Jacobian of 
the transformation from the pair (Fg, F^) to the pair (R, r) has the value (-1). Accord- 
ingly, the volume element can also be written as dr = dR dF dlf, and the coordinate basis 
vectors can be taken to satisfy the relation |rg, r^, £) = |R, r, £). The pair of coordin- 
ates (rg, F^) may be called the "natural pair” for the a channels. The variable Fj 
is the convenient internal coordinate for the nucleus si. The uniform motion of the frag- 
ments when their separation becomes sufficiently large that they no longer interact is 
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expressed most simply in terms of r q, the relative separation between their mass 
centers. Consequently, the wave function representative (eq. (1)), based on the choice 
(? 0 ,ri), attains asymptotically in the a channels the form of an eigenstate of the nonin- 
teracting Hamiltonian for the a channels. For the 0 channels, the asymptotic form 
(eq. (2)) shows that the pair (R, r) is the natural one. The formalism is first developed 
in terms of the natural pairs of channel coordinates. When it becomes necessary to use 
other coordinate pairs, only slight extensions of the formalism are required. 

Let £ m be the subspace of the total Hilbert space that is spanned by all states of 
the form 


l p 4>m> = 

where P(Fq) represents any state of motion for the mass centers of the a fragments, 
that is, for particle n relative to nucleus si. Parentheses are used to indicate a scalar 
product taken over a set of variables that is not a complete set for the total system; thus, 

P(r o )0m(^i» D = <Vi, ^ p ^m^ = ^m^ The P ro J ection on the subspace 

£ m is given by the operator 


n dm = ^J^m^ml 

(3) 

U am= f l r b’^m> dF b <*0’ 1 

(4) 


The closure integral over the coordinate r^ in equation (4) represents the unit operator 
l r in the space of all states p of relative motion, which is called the 7 q space. 
Similarly, let be the subspace spanned by states of the form a(x^) n , where a(R) 

represents any state of relative motion for the particles 3 and (si-1) of the 0 chan- 
nels. The projector for p n is 

n 0n = 1 R tannin I 

- /|H’,[X^] n > dR'<R’,[ X ^] n | (5) 

The scattering state S& can be expanded in terms of the complete set <p (which 
includes states belonging to the continuum spectra of si). The m L term in the expan- 
sion, namely n Q , m 'k = U m <p m , where U m is represented by 
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( 6 ) 


U m (r 0 ) = <?o, 0 m l*> = T')^(?o, r^, f) di* d|' 

gives the asymptotic behavior in the channel cum. Thus, for large values of r Q , U m 
becomes equal to the m^ 1 coefficient in equation (1), if am is an open channel, or 
vanishes if the channel is closed. In the same way, the asymptotic behavior in channel 
/3n is given by = V n (x^/) n , where V n (R) = <R, (x0) n | *> . 

Any two channel subspaces , 6 Q!m and £ m , are orthogonal, if m ^ m', simply 
because (0 m l0 m t) = O- Let A denote any selected set of a channels and B denote 
any selected set of /3 channels. Then, the channel subspaces of the set A together span 
a subspace which is the direct sum 

% = a am ® ^am’ ®- • -®V' m , m ',. . .,m”cA 

and has the projection operator 


n A ^ y n am 


mcA 


n am n am’ 6 mm’ n am 


The same considerations apply to the channel subspaces f5^ n . The overlap integral 

■jmffl) - fl. I *m> = / d % *(«')<C m < ? 1 > ?’> P> 


gives the component of <£ m on i/a . 

A projection operator P that selects all the open channels at the given energy has 
the property that yields the same asymptotic behavior in all channels as does ^ 
itself. The projective space & of P is the open -channel subspace, and its complement 
SI, into which Q = 1 - P projects, is the closed-channel subspace. In a reaction, reson- 
ance behavior may occur because of the formation of a relatively long-lived compound 
state of the total system or a long-lived state of an intermediate fragment, when channels 
with more than two particles are open. Such a quasi -stationary state is described by the 
vector Q't. In configuration space, the representative of becomes vanishing outside 
regions in which fragments of an open channel are interacting. 

Assume that no portion of the channel subspaces \5 am or s6^ n belonging to open 
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II 


channels is required in the description of a true compound state and, hence, that 9 can 
be chosen to contain these subspaces (ref. 7). In the case of a nucleon-nucleus collision, 
the long-lived compound state of the total system can be visualized as being formed by a 
succession of particle interactions. The process starts when the incident nucleon inter- 
acts with the target nucleons in their ground state of motion. The true compound nucleus 
state is reached through sequences of interactions in which the motion of the compound 
system becomes progressively more complicated. Beyond some stage in the process, 
the system is described by the part Q>&. The class of open-channel projection operators 
which will be employed is based on the assumption that, in the expansion of ^ in a com- 
plete set such as the 0 , no open channel 0 m is required in the description of the com- 
pound system after the excitation sequences have attained a certain degree of complexity. 
Then, there exist open-channel projectors P belonging to the class, since (l-P)^f can 
describe the later stages of the compound system somewhere (depending on the exact 
choice of P) beyond this point. 

At the given energy, let the set of all open a channels be A° = (0, 1, 2, . . . , M°) 
and the set of all open /3 channels be B° = (0, 1, 2, . . . ,N°). If & contains the sub - 
space •£) Q , then P may be written in the form 


P \o + n O 


n n n = o 

A° ° 


( 8 ) 


where IL-. projects onto the largest subspace of & that is orthogonal to 3 
u J 

ly, if 9 contains ■£> then P has the form 

B° 


Similar - 


P ~ n B° + n0. 


n o n G’ ~ 0 

& j 


(9) 


where n nr projects onto the largest subspace of 9 which is orthogonal to £ . Every 

u b 

open-channel subspace 9 to be discussed herein contains the channel subspaces in their 
entirety and has a projector that can be expressed as in equations (8) and (9). The chan- 
nel subspaces themselves are defined differently in the section RELATED PROJECTION 
OPERATORS, but forms exactly analogous to equations (8) and (9) will hold. 

The open-channel subspaces & of the class considered herein are special cases of 
projective spaces that contain the selected subspaces and The construction of 
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projection operators for the more general case is treated. No complications arise in the 
more general case. Such projection operators II satisfy the subsidiary conditions 


“ n ) = 0 mcA 

(10) 

n^U n) = o n c b 

(ii) 


The projector n qualifies as an open-channel projection operator of the class given by 
equations (8) and (9) when the sets A and B contain, respectively, A° and B°. 

If no compound states occur in the reaction, there is no restriction whatever on the 
extent of the subspace 9 in the Hilbert space of the problem. In the effective Hamilton- 
ian for P'l, the part that contains the rapid energy dependence associated with any re- 
sonance effect will have, in this case, a smooth energy variation. (The effective 
Hamiltonian is given by equation (148) in the last section of this report, and the resonance 
part is the second term on the right. ) In fact, 9 can be taken to be the entire space, 
so that P is then the unit operator. Consider the scattering problem defined by a phen- 
omenological potential model, to which are ascribed some number of internal states that 
involve some degrees of freedom and correspond to certain excitations of a many -body 
system. Such a model is employed to reproduce the part of the direct scattering that 
involves these excitations in the real many -body case. The Hilbert space in the model 
problem corresponds to a subspace 9 ^ of an open-channel subspace 9 in the full many- 
body problem. The projector n M onto 9 ^ is the projection operator for a selected 
set of open channels in the full problem. An exact generalized potential, which corre- 
sponds to the model, can be expressed uniquely in terms of and P. The scattering 
eigenstate 0^ given by the potential derived from satisfies ^ = 6 ^ + \ This 
exact potential is defined so that 0^ yields transition amplitudes for the selected set 
of channels that are identical to the corresponding energy -averaged transition amplitudes 
of the system. The potential will have imaginary parts to simulate the effects of the 
excluded open channels, as well as the energy-averaged effects of the processes that 
proceed through the compound states. 

If now the internal states appearing in n M are replaced by the corresponding ap- 
proximate states employed in the model, the resulting projector acts like the unit 
operator on the scattering state 0^ given by the model. The projector can be employed 
in the model calculation, however, as a formal device for obtaining the coupled equations 
that describe the reaction. The conditions (eqs. (10) and (11)) can then be regarded sim- 
ply as properties of the projector that are useful in constructing it. There are, of 
course, projection operators other than n^, that yield the correct asymptotic behavior 
in the selected channels. An operator n g having this property could be a projection into 
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a subspace of Such a projector may belong to the same class as n M , or may be 

entirely different from the type of projectors discussed here. In any event, Ilg enable us 
to write 


n M " n s + Q £ 


n s Q s - 0 

where Ilg does not act like the unit operator on 8^ + \ The corresponding properties hold 
for IL. and n Q , the counterparts in the model problem. In the computation of the 
scattering solution 9 y ', the resolution into two orthogonal parts might be useful, since 
the part Qg0^ is limited to the interior (interaction) region of the configuration space 
of the model. 

In a phenomenological calculation, the following view can be adopted: Employ the 
suitable projector TT^ for the problem. The model potential that should be used ulti- 
mately is the one that approximates most closely the exact potential derived from the 
associated n M . In the calculations, IL^ is always taken as the unit operator in the 
problem, and the potential is adjusted so that the scattering given by the model agrees 
best with experiment. 


Transformation Functions 

For every pair of channels, am and jSn, a transformation function can be defined. 
The indices m and n will be suppressed for the present to discuss, for a given pair of 
channels, the transformation function 

K^r^R) = <r Q , 0|R,x^> 


and its adjoint 


K J(R, r Q ) = <R, X ^|r 0 , <£> = K^, R) 

When a vector in R space is operated upon by K^, the result is a vector in Tq space, 
and conversely for K^. The evaluation of follows easily: 


k 
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= f *ft ■ V^*^,?’) dr*6(R* - R )x(r’)^(?) 


In the volume element, the fact now used is that dr^ = 8 dR when Tq is held constant. 
(This result is equivalent, of course, to the Jacobian of the transformation from (Fq, F^) 
to (rQ, R) having the value [mp/(m n + 111 ^)]^ = 1/8. ) The following equation is finally 
obtained 


K 1 (r 0 , R) = Sg*^^?) = 8g*(2K - ? 0 ) X (2? 0 - 25) 

where g(r.,) has been defined by equation (7). From the transform K 1 , two iterates 

1 t — + L 

can be constructed, namely, K = K^K^' and K = These iterates are nonnega- 

tive, Hermitian operators in Tq space and R space, respectively. The operators K 
and K are represented by the expressions 

K (r 0 , r|j) = f K^Fq, R*) d5*Kj(R’, r’ Q ) 

= <r 0 , ^In^lrJj, 0> (12) 


and 


K(R, R') = (R, X ^|n a |R*,x^> 


These operators occur in such projector products as 


n 0- n £ = f d ^0 1 F"o» & K 1 (Fjj, R* )( R* , x^ | dR* 
= Kjl^Kx^l 


(13) 


U a U (Pa = /dr b iF- b ,^)K(r b ,r b *)<r b *,0| drjf 


= K|0)(0| 


(14) 



n /3 n a n /3 = f dR , |H’,X^)K(R’,R”)(R ,, ,X^| dR" 
= K| X i//)(x^| 


( 15 ) 


In equations (13) to (15), the operators are exhibited in separable form with the trans- 
form for either r’g space or R space factored out in each case. The separable prop- 
erty of the projectors and their products ensues from the character of the channel sub- 
spaces, which they transform. Each channel subspace itself is a linear manifold whose 
vectors all have a certain separable form. 

The operation of and can be summarized conveniently in the following set 
of rules: 


■\ 

u a (fi(p) = P4> 


n a (o X xP) = (K x a)0 
U p (P<t>) = (K 1 t p) X ^ 


> 




(16) 


In the next section, it is shown that constructing a suitable open channel projector 
from and requires the inverse operators 

L ■ (s - K ) _1 

But is not, in general, represented by a separable function of the variables (rg, R). 
As a result, K and K cannot be obtained in closed form. The desired projector can be 
expressed in terms of the eigenfunctions of K and K, and this form serves to show its 
general structure. The eigenfunction expansion, however, does not represent a prac- 
tical method of evaluation because it requires the difficult preliminary step of computing 
the eigenfunctions. 

— 2 
The operators K and K have a common eigenvalue spectrum. If X Ku^ = u^, 

Kj^u^ is an eigenfunction of K with the same eigenvalue. Let v^ denote the suitably 

normalized eigenfunction of K (with the square integrable eigenfunctions normalized to 

unit magnitude). The eigenfunctions u^ and v^ satisfy a pair of coupled equations 
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> 


( 18 ) 


XK lV = -v x 
XK l v x = - u x J 

where A is real. Because <£, x, and \p are bound states, the kernels K and K van- 
ish exponentially when either of their arguments becomes large. The kernels are con- 
sequently square integrable and, hence, bounded (normalizable) kernels. The eigen- 
value spectrum is discrete in any finite interval, and each discrete eigenvalue has finite 
multiplicity . 

There is no eigenvalue equal to zero. The expansions of K and K, in their respec- 
tive sets of orthonormal eigenfunctions, converge. The kernel has the bilinear 
expansion K-^ = S^(l/\) |u^)(v^ | , whereas K and L have the expansions 

K = S x <1/\ 2 )|u x )(uJ (19) 

L = X r +S A (x2 - irl K )(u xl (20) 

The set of u having finite eigenvalues is not complete. The additional orthonormal 

A 

functions that must be added to complete the set can be considered as eigenfunctions 
belonging to the eigenvalue infinity. From the asymptotic behavior of K, it is seen that 
for finite A, u^ vanishes when Tq becomes large. The additional eigenfunctions do not 
enter into the expansion (eq. (19)) of K or of its resolvent kernel (the second term on the 
right of eq. (20)). All the summations just shown have no contribution from these addi- 
tional eigenfunctions. However, when the expression L - £A 2 (A 2 - l) _1 |u x )(u A | is 
written, it is understood that the sum extends over the complete set. An exactly parallel 
discussion holds for the expansion of K and L in the v . 

A 


THE PROJECTOR n a+(3 

Take any pair of channel subspaces v5 am and £>^ n . As an example of a linear space 
that contains these two subspaces, what might be called the minimal one is first dis- 
cussed, namely, the space that is spanned by all the vectors of '£> Q;m and >i3^ n combined. 
The indices m and n may be suppressed for convenience, and the desired projective 
space designated by the notation 
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^a+(3 j^a’ ^ 3 ) 


( 21 ) 



II 


When m = n = 0, the projection operator for £ a+ p qualifies as an open channel projec- 
tor in the two -channel case, where only the lowest internal energy state in each channel 
is open. The space defined by equation (21) can also be prescribed by the formulas 


^a+/3 ® ^3pa 


(22) 


'^a+/3 ^/3 ® ' ,f5 ap/3 


(23) 


Here, £pp a is the largest subspace of ^ that is orthogonal to <£> a and can be viewed 
as the space spanned by the components orthogonal to •3 a of all the vectors in or 
equivalently, of all the vectors belonging to a basis set for <5^. To the equivalent direct 
sums (eqs. (22) and (23)), there correspond equivalent forms for the projector onto the 
subspace, namely, 


^a+/3 + ^/3pof + ^ap/3 




n a n /3po! ® 


(24) 


n /3 n ap/3 “ 0 


Let a set of basis vectors for be y x = where the functions ct x (R) form a 

complete orthonormal set for functions of R . Then is spanned by the vectors 

(l-II^Jy^, which have the scalar products 

<(i - n a )yj(i - n a )y x ,> = <y x |y x ,> - <n a y x |n a y x ,> 

= 6 XX' “ < K i CT J K iV 

The operational rule (eq. (16)) was used in the last step. K now the choice = v^ is 
made, then with the aid of equation (18), the vectors (l-n a )y x will be orthogonal to each 
other and X 2 > 1. An orthonormal basis set for is given by the vectors 

yx = M x (1 “ 

= M x (v x x^ + X -1 u x 0) (25) 
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1 


/ 2V 1 / 2 

where the normalization constant is = (1 - A ) .In the same way, an ortho- 
normal basis for is given by the set 

X x = M X (1 - 

= M x (u x * + x-\x*) (26) 

The projector can be written with the help of equation (25) as 

V, = s x^>« F *l < 27 > 

n /Jpt« = ( L - 1 )N’)w! - LKjIaKx^j + E|x*)(x*| - LKjtlx^X*! (28) 

and a corresponding form for II ^ follows from the basis vectors (eq. (26)). Note that, 
if the eigenvalues A^ = 1 occur, the corresponding vectors (l-Il^Jy^ are null vectors 
and, therefore, do not contribute to the sum in equation (27). 

The projection operator n given by Mittleman (ref. 2) is now discussed. This 
operator can be written as 


n=R a + R^ (29) 

Then, n is defined by the following two properties: (1) for any state vector 4>, 114/ has 

the form 


V = u 0 | 

= vx^ 


(30) 


and (2) n satisfies equations (10) and (11). Both conditions (1) and (2) are required to 
specify the operator uniquely. The form (eq. (30)) is desirable for computational pur- 
poses. Coupled equations for u(rQ) and v(R), each functions of a single coordinate, 
describe the relative motion in the a and /S channels in terms of the natural coordin- 
ates for each channel. At a large magnitude of its argument, each function yields the 
corresponding transition amplitude directly. 

That II is identical to n a+ p is easily shown and is fairly obvious from the dis- 
cussion of II just given. The projective space of n is limited by condition (1) to 
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contain no more than vS and and by condition (2) is required to contain them in 

U- p 

their entirety. To obtain and R^, equations (10) and (11) are written as 


n a (i - n^)(i - n) = o 


iyi - n a )(i - n) = oj 


(31) 


Employing the property (eq. (30)) and the operational rule (eq. (16)) then gives 


V 1 - n / 3 >* - V 1 - V n a u, f 


iyi - n a )* = iyi - n a )n (3 vx>f' 


It follows that 


R « = - V 


(32) 


R/3 = W 1 - J 

where A and A are Hermitian operators in the subspaces <d a and ^ , respectively, 
with the defining properties 


a c, An o , < l - V n a = n a < 33 > 

V^l - n a )n p = n p (34) 


The transforms 


L (r 0 ,r 0 ’) = <r 0 , 0|A|r o », 0> 


L(R,R’) = <R,x^iXjR*, X ^> 
permit A and A to be written as 
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A = n ff An a = L 1 0)(0 I 

a = n^Aii^ 


( 35 ) 


Inserting these expressions for A and A into equations (33) and (34), along with equa- 
tions (3), (5), (14), and (15), shows that L and L are the inverse operators given by 
equation (17). The forms (eq. (35)) permit and R^ to be written as 

Rqi = L I <t>)(<t> I - LKj | <p)(xp I (36) 

R 0 = L | X^KX’/' I - LKj | x^)(0 1 (37) 


Comparison of equations (36) and (37) with equations (24) and (28) verifies that II = EL, a . 

O 0 cx+p 

From equations (32) to (34), R* = R^, R^ = R^ and R^R^ = R^R^ = 0. The idempo- 
tents R^ and R^ are not Hermitian, however, and hence are not orthogonal projec- 
tions . 

A null vector results when (1 - II^II^ operates on a vector in the subspace 
£<y(3 = ^ £/3> the intersection of J? a and The operator relation (eq. (33)) is 

xmderstood to be valid in the subspace of $ a , which is orthogonal to <3 a g. In geometric 
language, the problem posed in obtaining A by means of equation (33) is the following: 
Consider a unit vector in that is orthogonal to '& a p- Subtract from this vector its 
component in ^ and project the remaining vector back into Find the operator A 

that reconstructs the original vector from the value of the projection. Similar com- 
ments apply to the interpretation of equation (34). 

Because <3^ is a subspace of both 3^ and 3^, any normalized vector in the 
space can be written in the dual form 


P0 = ctxi// (38) 

where P(?q) and a(R) are suitably normalized functions. Operating on the relation 
(eq. (38)) with and n gives, respectively, with the help of equation (16), 

t p Ol 

± p = a and p = K^cr. Comparison with equation (18) shows that a vector (eq. (38)) in 

A 0 corresponds to an eigenfunction of K (and to the associated eigenfunction of K) 

ap n 

with eigenvalue X = 1. The converse holds as well, because u^ is invariant under 

the operation of n^Il^A^. Excluding 3 a p from the domain of validity of equations (33) 

and (34) is equivalent to the elimination of the terms in the sum (eq. (27)) that corre- 
o 

spond to x =1. Actually, the relation (eq. (38)) imposes severe restrictions on the 
possible functional forms of p(Tq), a(R), g(r^) and x(r)- The allowed functional forms 
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are derived by Coz (ref . 3). However, and v^ are given therein with an incorrect 
sign in the exponential arguments. Taking the scalar product with \jy on both sides of 
equation (38) yields pg = crx. The forms allowed by this relation are p cc exp[-(l/4) K rj*], 
g °c expj-(l/4)/cr|], a oc exp£-(l/2)xR^], and x 00 exp£-(l/8)fer^], where k is a constant. 
Consequently, in most problems £ a p is a null space, and the case x^ = 1 does not 
occur. 

Projectors like II do not appear promising for computational applications. When 
more than two channels are open, the construction of the corresponding projector in- 
volves the solution of a set of coupled integral equations. The computing effort required 
in the preliminary problem becomes as great as that for the scattering problem itself. 
However, the methods and notation developed in this section carry over practicaUy un- 
changed when the related projection operators that can be evaluated easily are developed. 
The equivalence of the two definitions of II a+ ^ has been rigorously demonstrated, and 
either way of specifying the projectors to be discussed hereinafter will be freely used. 


RELATED PROJECTION OPERATORS 
Redefined Channel Subspaces 

Suitable projection operators exist, closely related to n a+ ^, that do have a simple 
closed form. These projectors follow as the result of describing one type of channel 
(e.g. , the 0 channels) by a pair of variables that are not the natural ones for these 
channels. Such a choice of coordinates is equivalent to redefining the corresponding 
channel subspaces. The approach is suggested by the work of Chen and Mittleman, who 
have given a projector of the kind desired. The projectors derived herein have a more 
simple form than theirs and are more convenient for computational applications. The 
two-channel case is treated first. It is then easy to generalize to any number of channels. 
The projector of Chen and Mittleman is described within the context of this discussion. 

The two -channel case is first formulated with sufficient generality that all the related 
projection operators that are expressible in closed form can be identified. The two most 
suitable operators are the result of using a redefined a channel or a redefined 0 chan- 
nel. Consider now the possible choices of coordinate pairs from the set r Q , r 1 , R, 
and r. The first two variables constitute the natural pair for the a channels. Other 
descriptions of the a channels are now to be considered. Retain the internal coordinate 
r^, but leave open the choice of the other coordinate, p ^ + r^, from the remaining three. 
Similarly, the natural pair for the 0 channels is (R, r), but now fix only the internal co- 
ordinate r. The other coordinate p 2 * r can be freely chosen from the rest. Let /. 
and ^ be the Jacobian determinants for the respective transformations (r" 0 , r^) — (Pj, r^) 
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and (R, r) — (p 2 , r). Thus, 

_ H0 1 ,r 1 ) 

1 3(?o* r i) 

_ 9(P 2 , r) 

^ O — ► 5T 

2 9(R,r) 

The transformations are linear, so that and are real constants. 

The channel subspace J3 Q ,, nl is defined as the space spanned by all states s0 m that 
can be represented by wave functions of the form s(p^)0 m (r"« , |) = (p^, Fp I") s 0 ) . Such 
wave functions are normalized on the volume element dr^ = dp^ dF^ d|"= \J ^ f dT, where 
dr = drg dr^ d£ = dR dr dlf. K the new coordinate basis vectors are required to satisfy 
the relations 

\pi**i,D= isj-V'ltt'T) 

and 

|p 2 ,r,1> = 

all wave functions will be properly normalized. 

The projection operator into the subspace £ , m is 

n a'm " 

= / d ? P9) 

The channel subspace J5^, n is spanned by all states representable by 

t(P 2 )Xi(r)^j(l) = <p 2 ,r,r|t(x^) n ) 

and has the projector 

(40) 
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For any pair of channels, Q! f m and /3’n, the channel transformation function (again 
suppressing the indices m and n) is written as 

(pp 0|P 2 > X'P) = y'(Pp c P\^o,^i,I''> dT'<R',r*,| i |p 2 ,x 1 //> 

^ /l/l/ 2 | l/2 <Pl^|Pl , ,VJ’> dT’<P 2 ’,?,?|p 2 , x ^) 

= \Si/ 2 \ f 6 (Pi - d v'x(r')&(p 2 ' ~ p 2 ) ( 41 ) 

where dv’ = dr^’ dr ^ = dR' dr’ = dr' dr^\ Equation (41) clearly shows that optimum 
forms for the transformation function result when the coordinates p^ and p 2 are taken 
to be the same variable, designated as p. When the same coordinate is used to describe 
the relative motion in both channels, the transformation function will be proportional to a 
delta function in the coordinates, and the integration involved in obtaining the first 
iterates will be trivial 

(p, 0|P’,X^> = \SiS 2 \ 1/f2 5(p - P’) f 6(p-p’0g*(r 1 ’ , )dv" X (i r ") (42) 

The choice of variables has now been narrowed down to p being either Tq or R. 

For the sake of completeness, another possibility, is mentioned, namely, p^ = r, 

P 2 = r^, which gives <F, <p | F^, x&) = x(r" Jg*^)- Because the kernel is separable in 
these coordinates, it is easy to evaluate the first iterates and to construct the related 
projection operator However, a projection into redefined channel subspaces 

for both channels would not appear to have any application, and this case will not be dis- 
cussed further. 


The Projector TT a+ pi 

Consider first the case where /T = Fq in equation (42). Then, natural coordinates 
are employed in the a channel. The channel subspace is and /^ = 1, When the 
coordinate pair (Fq, F) is used with the j3 channel, however, a redefined channel sub- 
space \£> 0 t n serves to describe the j3 channel. The projector onto is given by 

equation (40) with p 2 = Fq. Thus, 
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n /3'n = 

= ( 43 ) 

The Jacobian has the value 1, and equation (42) yields directly the transformation 
kernel 


J l(r 0 ,r 0 ’) = <r 0 ^|r 0 ’^> 


= «<? 0 - r 0 ’)h(?o) 


(44) 


where 


h (r 0 ) = / g^^Ox^o ‘ *Y) dry 


(45) 


From Schwarz's inequality, 


I h (r 0 )| 2 <C (g| g ) (46) 

The possibility of the two sides in equation (46) being equal is excluded by the reasonable 
assumption that x, as a function of r^, is never proportional to g(r^). Because gif/ 
is a term that occurs in the expansion of (p in the complete orthonormal set of states of 
nucleus si- 1, the normalization of the bound states cp and if/ to unit magnitude implies 
that 


c 2 s(gjg)<l (47) 

The equality sign in equation (47) holds only if cp = g if/. The bound state nature of the 
function cp (or g) and x shows that 

h(r Q ) « 0 when r Q » R A + Rp (48) 

The first iterates J = JjJj^ and J = are easily evaluated and are seen to be 

the same operator in r Q space 
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J (r 0 ,r 0 ’)= f dr 0 ”J 1 (r 0 ,r 0 ”)J 1 t (r 0 ",r 0 ') 

=<.r 0 , ^In^lrjj’, <t>) 

= «<?o ~ V)l h (r 0 )| 2 

= <i r 0 ,X^[n a |r 0 ',x^) =J(ro,r 0 ’) 


The operation of the Hermitian, nonnegative operators J and J is merely multiplication 
by |h(rQ)|^. Henceforth, the following simplified notation for operators that are diag- 
onal in the Tq representation will be adopted 




J 1 = h l r. 


J x t = h* 1 


(49) 


J=J=|h| 2 l ro 


(50) 


A normalized eigenstate of J is 6 , where (r q | 6 a ) = 6 a ( r o) = ^( r 0 " a )> eigen- 

value [h(a)[ 2 . The continuous set {& a ) is a complete orthonormal basis for r Q space. 
In contrast to the kernel K of equation (12), the kernel J is not bounded: it has such 
a simple form, however, that the required inverse operators can be constructed directly, 
and eigenfunction expansions of the operators need not be resorted to at all. 

Operational rules, analogous to those of equation (16), are easily established: 


n a (p4>) = P<P 


n a (Px^) = (J ]P)0 
n 0 ,(p0) = (J Jp)<t> 


> 


n |3 «(PX^)=PX^ J 


(51) 


The subspace 3 a+ p 
bined. The projector II 


, is the space spanned by all the vectors of £ a and com- 
a+ p, onto this subspace may be constructed from the expressions 
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n a+/3’ n a + n /3'pa! 


(52) 


U a+i S’ ~ H/S’ + n ap/3 


(53) 


When the only open channels are the lowest a and 0 ones, then the corresponding 

^a+ 0 , can be used as the open-channel projection operator. The form (eq. (52)) shows 
that this projector is particularly appropriate for the pickup process. The a channel 
is then the incident one, and n Q commutes with the noninteracting Hamiltonian for the 
a fragments. Hence, among its boundary conditions, has the same incident 

plane wave as 'F. 

An orthonormal set spanning is the continuous set of vectors y a = 6 a xi//. The 
component of y„ orthogonal to A _ is proportional to the unit vector 

a (X 


y a =n(a)(l-iyy a 


= n(a) 6 ^x^ - h(a) 0 ] 


(54) 


In the last step, equation (51) and the equation J^ 6 a = h(a ) 6 a were used. From equa- 
tion (54) and the projector properties of 11^, 

<y a |y a .> =n(a)n(a’)[<y a |y at > -(n^ln^,)] 


= n 2 (a )(l - [h(a )| 2 ) 6 (^- a») 


If the normalization constant is chosen to be 
constitute an orthonormal set. Accordingly, 


n(a) = (l - |h(a ) 



the vectors 


y a 




= (! - n a ) f dan 2 (a)[y a >(y a j (1 - n Q ) 

= (i - n a )n 2 i ro (x^)(x^{(i - n a ) 

= n 2 l (i - n a )n^ f (i - n a ) (55) 
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( 56 ) 


Vp <* = n2 V 1 - V + U a U t 3* (n a " ^ 

= n 2 l [Ix’/'KX'H - J 1 Mx</')(0| +J|0)(^| - J 1 |0)(x^|] 

The following relation was required in arriving at equation (55): 

f dan 2 (a)f6 a )(6 a [ = f dr^ 2 (? 0 )|F 0 )(F 0 | - n 2 1^ 


The product relations involving n ft and n^,, which are the direct analogues of equa- 
tions (13) and (14), were used in the step to equation (56). If the vector co Q , orthogonal 
to £ , is defined as u) = n(xi// - h0), where it is understood that n and nh are vec- 
tors in r Q space, the projector can be written in the concise form = 1 | ct> 0 )(cL> 0 | . 

Another expression for , corresponding to equations (29) and (30) in the prev- 


ious case, is 


n 


ch-/3* 



+ Rr 


(57) 


where 


/v 

= F 0 


Rp,* = GxV 


(58) 


and F and G are vectors in r Q space. The other property, in addition to equa- 
tion (57) and (58), which determines the projector uniquely can be written 


V 1 - V* 1 - ■W - 0 | 

VI - V<1 - n a+|31 ) = o __ 


(59) 


Combining equations (57) and (58) with equation (59) and using rules (eq. (51)) give 

n 0 (i - V* “ V 1 ‘ W* 


and 
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np.U - n a )* = n^i - n^n^Gxtf/ 


It immediately follows that 


R /3 t = n /3 ,A O n ^’^ ” n a^ 


( 60 ) 


where Aq and Aq are Hermitian operators in the subspaces £ a and respec- 

tively, which are defined by the relations 


VW 1 - V n a = n a 

n /3 T A O n /3' " W = n /3’ 


( 61 ) 


It is clear that R fl and R^, are idempotents and satisfy R^R^, = R^Rq, = 6. The 
separable forms, similar to equation (35), 

Aq = R^AqII^ = O | 0)(0 | 


Aq - R^AqII^, - O|xi//)(x0| 


enable the conversion of equation (61) into the equivalent equations in r^ space 




From equation (50), the solutions are simply 

O = O = n 2 1 

r 0 


(62) 


When the solutions (eq. (62)) are inserted into equation (60), the result can be written as 
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( 63 ) 


R a =n 2 l r |0)(0| - n 2 h 1 |0)(X^! 

0 0 I 

Ro, = n2 i |x^)(x^| - n 2 h* l r |x*)(<#>| 
p r 0 0 J 

Comparing equation (63) with equation (56) and using the identity (1 + n 2 |h| 2 ) = n 2 
verify that the forms (eqs. (52), (53), and (57)) are equivalent. 


The Projector Tf a i + p 

The other choice for the variable in equation (42) is p = R. In this case, the coor- 
dinate pair for the j3 channel is the natural one. The channel subspace is and 
^2 = 1. When the pair (R, r^) is taken for the a channel, the redefined channel sub- 
space has the projector n = L-, I d> )($„, I . The Jacobian </, has the value 

am crm _K_[ p r mrjn 1 l 

1/8, and the transformation function Ij(R, R') = (R, cp |R’, yi/') is the (diagonal) represent- 
ation of the operator 1^ = (1/8 )l 1 R , where 

i (R) = J g*^R-|r^x(r’)dr» 

The first iterates of 1^ are simply 1=1= (1/64) \l | 2 1 R . These Hermitian operators 
possess the continuous set of eigenstates 6^(R) = 6(R -b ), which are a complete ortho- 
normal set for R space. The vectors x^ s 6^cp span 

The subspace '3 a t + p, which is spanned by all the vectors of £ a , and combined, 
has the projector 


n a'+/3 n /3 + n a! , p^ 


(64) 


U a' + (3 = V + 


n o!’+/3 " R a ? 


+ R/- 


(65) 


^ /v — 

where R ffI ^=F<p, R^ = Gx^/, and F and G are vectors in R space. The form 
(eq. (64)) shows that open-channel projectors of this type will be useful for the stripping 
reaction. The vectors 
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x b = m(b )(1 - 


= m(b)6 b [0 - (1/ 8)1 *(b )x^] 


with normalization constant m(b ) = [l - (1/64) Ji (b ) |^J 
span £ a , p p. Hence, 



are an orthonormal set and 


n a'p0* /<fb|V<*bl 

- “ 2 i R d - n e )n a ,( 1 - V 

= m2l R [ n a ,( 1 - n j3 ) + I|^| - ii fJ n a ,] 

= 1 rI"o’>< w o'I 

where the vector u> Q ' = m[0 - (1/8 )l*x4 / ] is orthogonal to The form (eq. (65)) can 

be evaluated by a sequence of steps that directly parallels those which lead from equa- 
tions (57), (58), and (59) to equation (63). The results are 

R a’ = n o' ,A N I1 Q!^ 1 " *V 


and 


where it is found that 


R /3 “ II /3 A N II /3^ 1 “ n o!^ 


A N ~ m ¥»' 


and 



- m2 1 R n /3 


2 “ 2 

The identity 1 R + m I = m 1 R is used to verify that equations (64) and (65) are equiv- 
alent. 
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The Projector TT a+c 

The subspace is defined with reference to a specific pair of internal states for 

the /3 fragments 3 and si- 1, as indicated by the notation (xP) n H X^j • Consider the 
set of all channel subspaces obtained with a given state ij/. when Xj runs through a com- 
plete set of states of the nucleus S, including those in the continuum. These spaces are 

orthogonal to one another, and their direct sum is denoted by £ .. Alternatively, </5 • 

cj m 

can be characterized as the subspace spanned by all states that are representable in the 
form £(R, r)^!/j("|). The projection operator for the subspace spanned by all the vectors 
of J5 am and £ c j combined can be applied to the pickup or stripping process. This type 
of projector has been discussed by Feshbach (ref. 1). 

The projector onto $ . can be written in various forms, namely, 

= y dr 0 ' dr 1 '<r 0 ',r 1 ',i^| (66) 

The transformation function Kg is easily evaluated 

K 2 (r 0 ;V,ri;mj) = <*> 0*oW>*j> 

= »<?o _ V^jm*frl’> (67) 

Hereinafter in this section, the indices m and j will be supressed. The first iterate 
K’ = KgKg^ is an operator in rg space, while the iterate K' = K 2 ^Kg transforms states 
of motion of particles 1 and 2, that is, operates on vectors in space. Evaluating 

the kernels 


K, (r 0 ,ro’) = <?o,*|n c |? 0 ',*> 

K'(? 0 ,i r 1 ;r 0 , ,ri') = <r Q , r v |r 0 ', r^, if/) 

shows that they are the representatives of the operators 
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I 



( 68 ) 






> 


K’ = 1 |g)(gf = cj|l |w 1 )(w 1 | 

r 0 u r 0 J 


where w. is the unit vector w. = (c )”*g. The eigenstates of K’, all having the eigen- 

2 ^ ^ r , 
value c Q , are any complete (in Tq space) orthonormal set {X^j . From the normalized 

function w^(r^), an orthonormal set {w^(r^)} can be built up that is complete for func- 
tions of r . . Then the eigenstates of K' may be enumerated as the set X,, Wl belonging 

i. Q r* * 

to the eigenvalue c Q , plus the set X^w^, v = 2, 3, . . . , belonging to the eigenvalue 
zero. Also required are the relations 


K 2 (X m w„) - 6 


vl 


<«oV 


and 


K'X n = c X w. 
2 [i o Ml 


Operator products involving II and EL may be written in the separable form as, for 

LX. L 

example, 


n o n c - K 2 LN'H - C Q lr 0 L)(«i^l 

n a n c n «" K, l^l = c o n <* 


and 


n c n a n c = K ’|*)(*| 

The required operational rules are simply 

n a (p</>) = P0 

n a (w) = (K 2 r)0 
n c (P0) = (k 2 W 
n c ( tv) = & „ 


(69) 
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Now the projector onto the subspace ■5 Q!+C can be constructed from any of the equi- 
valent forms 


n — n + n 
a+c c ape 


n a+c n a + n cpa 


n a+c " R a + R c 


(70) 

(71) 

(72) 


where R ’ ^ = F'<p and R ^ = T \f/. The form (eq. (70)) follows from the fact that 
c* c 

£>a+c is the direct sum of £ c and the largest subspace of that is orthogonal to 

<Q . The subspace £ is spanned by the set {X <p}. The unit vectors N(1 - n )X & 
c ot i± 2 —1/2 ^ M 

= NX (0 - gi//), each with the normalization constant N = (1 - c ) , are an ortho- 

/i. 2 ° 

normal set that spans Note that c Q | 1. The equality sign holds only if 0 is 

proportional to i//, in which case. £ = £ . Hence, the required projector for equa- 

Q-tC C 

tion (70) is 

n apc * ^V 1 - n c>l ; V >( V I(1 ' V 
- n 2 (X - n c )n a (i - n c ) 


where cp Q ’ = N(0 - g\p). The orthonormal vectors z = span J5 c , and their 

normalized components orthogonal to £ a are 

v * Nf 1 - W - - %■?) 

^p-U-n )W, *' = 2 ’ 3 ’- • ■ 

The vectors zT are orthogonal to one another as well, so that 
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OO 

E 

OO 

E 

IV^V 1 


M=1 



oo 



OO 

E 

Ki 

V* ■ lv >< Vi M + 

^ z /ill 

n=i 



V=1 


= 1 r 0 [^ o ” )(<p ° M ^ ' f w l^X w l^f] +n c 


where (p Q " = N(w^i// - c Q 0). The projector can also be written in the form 

n cpa - d - n a>A’fl - V 

in which 


A' = 


OO 


E 

n=i 



v=2 


I 


(N 2 - 1)1 |w )(w | 

•*o 



w „) (w » 


kx*l 


(73) 


= Nunn + 

c a c 


n. 


(74) 


By the now familiar procedure, form (72) is obtained from equations (like eq. (31), 

but with n c instead of H^) that impose the condition that •3 Q , +C contain the subspaces 

jj and but no more. Accordingly, 

Of c 


"N 

V = 'W 1 - n c> 

> 

R c - W 1 - V , 


(75) 


where A’ and A* satisfy the respective relations 


V^V 1 - n c> n a = n o 


(76) 
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( 77 ) 


ni'nii - njn = n 

C C v CL C C 


Inserting the separable forms A’ = L* |0)(0{ and A' = L' \p)(\p\ into equations (76) 
and (77), respectively, shows that 

L "(V K f 

and 


From the structure of K' and K’ given by equation (68), it follows that 

L' = N 2 1 

r 0 


and 


L’ = 



w 1 )(w 1 



The expression for 17' is its expansion in the eigenvectors of K' and confirms the 
equivalence of the definitions (eqs. (74) and (77)) of A\ The condition II ff (l - n Q+c ) = 0 
yields the identity = R ft ' + II R . Hence, equation (72) can be written as 
II = II + (1 - n )R which, with equations (75) and (73), shows the equivalence to 
equation (71) explicitly. Note that the set w^ serves only as an intermediate construct 
for deriving the projection operators. All w^ for which v > 2 can be eliminated from 
the final forms with the help of the closure property. 


MULTICHANNEL PROJECTION OPERATORS 
The Projector n^ +B i 

The two-channel projection operators given in the preceding section are easily gen- 
eralized to any number of a and )3 channels. In this section, the first case treated is 
the extension for the projector n ff+ ^,. The corresponding discussion for the projector 
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n A’+B closely parallels that for IT a+ ^ and need not be given explicitly. The redefined 
/3 channel subspace .gg, is the direct sum of the orthogonal subspaces -£>£, n , n c B, and 
has the projector 

n B’ = n /3’n 

nCB 

where n^, n is given by equation (43). Now the projection operator onto the space 
^A+B* s Pruned by all vectors of and v 6g, combined is required. The projector 
may be written as 


n A+B* = n A + n B’pA 
n A+B’ = n B» + n ApB’ 
n A+B' = ^A + R B’ 


where the operators in equation (80) have the properties 


"a 4 = 2 F m*m 

mcA 


> 


Hb.-E G n (x ^n 

ncB J 


(78) 

(79) 

(80) 


(81) 


Sums over m and n with unspecified limits will be understood, henceforth, to range 
over the selected values contained in the sets A and B and to comprise M and N 
terms, respectively. 

The transformation functions are given by equations (44) and (45) as 

J A V> m > n) = <?0> I V- toV 

= < 82 > 


where 


32 



h mn< r 0> = f^l^o ' F l’> di V 


(83) 


The array of operators (in Tq space) J^(mn) can be represented as a matrix 

Ji = l r h (84) 

1 r 0 

where h(rg) is the M x N dimensional matrix whose elements are the functions given 
by equation (83). The iterates 

J (i r 0 ,i r 0 , ; m . m, ) = s n / J i^o» V'5 m - n) d? o ,,J i t(? o"’ V J m,) 


- < r 0’ ^m l n B’ l r 0 , » 0m'^ 


represent an M -dimensional square array of operators (in r n space) J(m m'), which 

4- + V 


can be written as J = 1 hh T 


Similarly, gives an N-dimensional square 


array J = 1 h^h. Note that J(m,m')^ = J(m',m), X(n,n')^ = J(n',n). Only the diagonal 
r 0 

operators of the arrays J, J are Hermitian. A normalized eigenvector of J(m,m') 


and J(n, n’) is 5 , with respective eigenvalues [h(a )h^(a)] mm , and [h 1 (a )h(a J]^,. 
In addition, 6 satisfies the eigenvalue equations 


il" t a ' 


J 1 (m,n)6 a =h mn (a)6 a 

(85) 

J 1 (m,n) t « a =h mn *(a)6 a 

(86) 


Once more, the operator products are easily obtained in the separable form 

n A n B’ n A * 

n B' n A n B' - S n S n- T < n - ”')l[xV'] n )([X')'] n . I 
The required operator rules also follow directly 
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n am [p(x^) n ] = [J 1 ( mn )P] < ^ m 
V^iJ = [ J i ( m n) f PM) n 
n /3’n’t p ^^) n ] = W*^n 


( 87 ) 


The subspace ^g, n is spanned by the orthonromal set {y an = 6 a (X*^) n }. The N 
sets, each having a value of n c B, are orthogonal to one another and provide an ortho- 
normal basis for sPg,. The basis vectors y an have components orthogonal to 
given by 

y an = ^ ~ n A^ y an = y an ” S m h mn^ a Km 

- V„ < 88 > 

to which x am . 6 a o', m , o> n = <x^) n - Z m h mD <P m , and h mn is understood to be a vector in 
space. The operator rules (eq. (87)) and equations (85) and (86) have been used. The 
scalar product 


^ y anl y a'n^ ^ y an y a'n'^ “ ^A y an I ^A y a ? n r ^ 


= 6 nn’ 6 ( a - a ’) ~ S mV^ h mn'^ 6 ( r ^’) 

= [*N ' hKaMa^.SOT - a’) 

shows that the sets (y an } are not orthogonal. 

To each value of a there corresponds a set of N vectors y an , n c B. If the 
vectors of this original set are independent, any orthonormal set constructed from them 
will also contain N vectors. The scalar products given by a set of N vectors form an 
N-dimensional Hermitian matrix. An orthonormal set of vectors can be obtained from 
the original vectors by the unitary transformation matrix U(a ) that diagonalizes the 
matrix. If the Hermitian matrix is interpreted to be the representation in some (ortho- 
normal) basis of an Hermitian operator, then in the well-known way U(a) transforms 
to the new basis made up of normalized eigenvectors of the operator. (The columns of 
U are the components of these eigenvectors in the old basis. ) The same transformation 
on the original set of N vectors yields an orthonormal set. Such orthonormal sets, 
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obtained for each value of a, span the subspace £ B ,p^ and provide a convenient expres- 
sion for its projector. 

To obtain an orthonormal basis for the subspace consider the diagonalization 

of the matrix 1^ - h^(a)h(a). For the time being, the dependence on a of the matrices 
and eigenvalues that arise in the discussion will be suppressed. The matrix h^h is 
Hermitian, so that there is a unitary matrix U that diagonalizes it. Thus, write 
uVhU = h D = (6^,1^), where h D is a diagonal, real (N-dimensional) matrix. Because 
h^h is nonnegative, the eigenvalues h n are also nonnegative. The columns of U are 
normalized eigenvectors of h^h. A certain lack of uniqueness to the matrix U exists. 
The matrix UUj-j, where U-q is any diagonal, unitary matrix, will serve as well and 
corresponds merely to multiplication of the column eigenvectors of U by phase factors. 
The Hermitian matrices are defined as d = l^j - hh^ and cT = 1-^ - h^h and are related 
as follows: 


dh = hd 


hd _1 = d -1 h 


d - 1 = iM + hd'V 


( 89 ) 


The reciprocal of the relation U^dU = 1 N - h D gives 

d' 1 = U(1 N - hjjJ-V 


( 90 ) 


The linear combinations of the vectors (eq. (88)) 


an 


= N n<a)2 n 


' u n'n (a )y ""' 


'an’ 


( 91 ) 


satisfy the orthogonality relation 

< Y anl Y a-n-> ' 1 ‘ \< a >]<W * a ' a '> 

Because a representative of 6 a is the delta function 6(rQ - a), the vector Y an can be 

written Y = 6„ [n ), where 
an a 1 n'> 

“n = N n s n' u n'n[ W)„. ‘ V h mn' VI < 92 > 
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and the quantities N_U_,_ and N Uh, become functions of r n in the coordinate 
^ n n’n n n'n mn' _ _l/Z^ 

representation of Y an . The normalization N n (a ) = [1 - h n (a )]“ ' makes the Y an 
orthonormal, so that 

n B'pA= /* s nl Y an>< Y anl < 93 > 


n B'pA = 1 r 0 Sn|!2n)<S2 " 1 <94> 

If h n (a ) ever assumed the value 1, the corresponding vector Y an would be a null vec- 
tor, which implies that the vectors y an and n c B, are not independent. Exclude this 
possibility, and assume that the matrix d(a ) is never singular for any value of aT. 

Then, equation (93) can be expressed, with the help of equation (90), as 


"B'pA - f * s n s n'lyan> 


= 1 r 0 s n S n'l“n>< d ' 1 'nn’K'l 


= 1. 


■0L 


^n^n' l[xV / ] n )(d W'^n' I “^m^nl^m^^ Wn^X^lnl 

+ S m S m-^m)( hrlht )mm»^m* 


(95) 


The matrix U has dropped out of the form (eq. (95)), which shows that the arbitrariness 
in the choice of U is not significant. 

The form (eq. (80)) can be derived from the relations analogous to equation (59), with 
a and j3' replaced by A and B T , respectively. The derivation leads to expressions 
for and Rg, that are the direct analogs of equations (60), where Aq and Aq are 
now operators in and respectively, and can be written as 

A 0 " S m S m'°mm' I I 


and 


A 0 = S n S n* 0 nn'IU^] n )([xV/] n ,| 

Both Op^ and O^, are Hermitian operators in Fq space, with matrix elements 
°mm'( r 0> V) = <r Q , | A M | r o ’,0 m ,) , and so forth. When the expressions for Aq 
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and Aq are inserted in their defining equations, which are the direct analogs of equa- 
tion (61), the equations for the operator arrays O and O are obtained. In matrix nota- 
tion, these take the form 

and 

s(vn- ? )=V" 

from which it is clear that 

O = d" 1 1 

r 0 

and 

O = d“ 1 1 

r 0 

Collect the results to obtain 

' - s m s n<‘ rlh >mn!'*'m><[xV'] n l} <»«> 

and 

«B' ’ 1 r 0 s n z; n-< 3 ' 1 )nn'l[X'('ln)toVl< 1 ' n A> 

= <OT> 

fSJ 

Thus, R a and Rg,, as seen immediately from their defining equations (the analogs of 
eqs. (60) and (61)), are idempotents and their product in either order vanishes. Com- 
parison of equations (96) and (97) and equation (95), with the help of equation (89), verifies 
the equivalence of the forms (78) and (80). 
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The Projector of Chen and Mittleman 


The projection operator given by Chen and Mittleman is closely related to n A+B ,. 

In terms of the formalism presented in this report, Chen and Mittleman employ the chan- 
nel subspace defined as the space spanned by all vectors of the form p(rjily) n , 

where p is a vector in Tq space and (rp}/) n = The component r] n is defined by 

the representation 


^o’’ r ’l F o> %> = 6 ( F o’ - r oK^O’ r ') 

7 ? n ( r 0 ’ r ) s ex P (- iK n r 0 ’ F / 2 > X i (r ) 

The projection operator for £j n is 

n ^i = 1 r 0 l[ 7 ^]n )( ^]nl 

The basis vectors for the subspace are represented by 

< F o’> ? l F 0’ = 6 ( F 0 ’ - ^oK (r O’ F, )^j^') 


( 98 ) 


( 99 ) 


The sub spaces 
vectors is 



are not mutually orthogonal. 


The scalar product of the basis 


<r 0 , WJV. (*) n '> = ! ~o’’ 

= «(r 0 - 


where the functions defined by 





dr , x i *(r , )x i ,( F ') 


( 100 ) 


form an N-dimensional matrix ^(r^), which is Hermitian and has diagonal elements 
equal to 1. Suppose the matrix y(r Q ) is diagonalized by the unitary matrix 0(r Q ), that 
is, 0^i/0 = (6 ,i/ ) s Vf)- Then, the linear combinations 
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Y rgii = V^n' W^I^O’ ^) n ,) 
are orthogonal. Their scalar products are 

<V !%•„•> -^^0' V'V'nfro' 

so that the normalization N^r^) = [ v n ( r Q)]~^^ makes them orthonormal. The matrix 
i^q) is assumed to be nonsingular. The subspace -|5g-, spanned by all subspaces 
n c B, has the projector operator 

%= / ^JV^ 1 

= f df 0 S nV^' 1 ^0)]nn*f^^)n>< ? 0’^n’l 
= 1 r 0 S n S n*^“ 1 W*l[ 7 7^^^]n*l 

1 i + 

The relation v~ = 0(v D )~ 0 ' was used in the first step. 

The subspace sS A+ g, spanned by J3^ and ,Bg-, combined, has the projection 
operator 

n A+B = n A + n BpA (101) 

n A+B = % + n ApB 

n A+B = \ + % ( 102 > 

where 

*A* = S m F m^ m 

= S n^n(^)n (103) 

and F m , T5 n are vectors in r^ space. The channel transformation functions are 
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with 


<'0. K IV. <»^n> = «F 0 - V) a mn< r 0> 

i mn (? 0 ) = / F 0 ' *i’> d? l' ( 104 > 

Rather than construct n A+ g- by the orthogonalization process indicated in equation (101), 
only the expression (eq. (102)), which is the result of Chen and Mittleman, will be given 
for comparison with the corresponding form of n^+B* 

The conditions 

n A (i - n g )(i - n A+ff ) = o 

and 

ng(i - n A )(i - n A+ff ) = o 

on the projector n A+ g-, and the operator rules 


n A^m = p( Pm 


and 


n B P(»7^) n = P(wk) n 


lead directly to the expressions 


R A ~ n A A C n A^ " n B^ 


(105) 


and 


% = ngA c ng<i - n A ) (106) 

Here, A c and are Hermitian operators in £ A and J3g, respectively, and satisfy 
the relations 
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The following expressions can be written: 




( 108 ) 


The operator products that will be required are 


n A n B = 1 r 0 s m s nl'fm)< ai '' 1 )mn<[*lnl 


n A n R n A = K (0^.1 

ABA r q m m T 1 'mm VY m T 1 


n B II A n B = ^Q^n'I^y^" 1 At Av '\n'^n'\ 




(109) 


When equations (108) and (109) are inserted into the defining equations (eqs. (30)), the 
latter reduce directly to the equations 

C ( 1 r 0 1 M- 1 r 0 ^' lit ) = 1 r 0 1 M 
®< 1 r 0 X N - ‘r 0 &t A "' 1 > " 1 r 0 1 '' 1 


The solutions are 


C = 1 B 
r 0 


-1 


A 


c = 1 (vS) 
r 0 


-1 


( 110 ) 


where the matrices B(Fq) and B(Fq) are defined by the equations 



Ill 1 1 III II II II 


I ■ ■! Ill 


B = X M “ Ay_1 A ^ 


B = 1„ - v ~ 1 A^ A 
JN j 


(111) 


and satisfy the realtions 




B A = AB 


AB -1 = B' 1 A 


B" 1 = 1 M + AB 4 / 1 A^ 


> 


( 112 ) 


When the solutions (eq. (110)) along with the first of equations (109) and its adjoint are 
employed in equations (105) and (106), the following equations are obtained: 


R A - %S| - V 1 *”’* 6 ’ 1 ^mnWl 


.-1 A -U 


(113) 


Rg - Ir^ll^lnXB-^^WWVl ’ V * T W* m l < 114 > 


The relations (eq. (112)) and the matrix D = vB, cast equations (113) and (114) into 
the form given by Chen and Mittleman. 

The projector 11^ g- is not as convenient to apply as n^+B" Because of the expo- 
nential functions present, the overlap integrals (eq. (104)) are more complicated than the 
integrals (eq. (83)). For the same reason, the operators (eqs. (113) and (114)) are more 
difficult to employ than equations (96) and (97). Moreover, the components of Rg-4 r in 
equation (103) are not orthogonal, and the resulting coupled equations for the functions 
F m ( r o) anc * G n (?o) cannot be manipulated into as convenient forms for numerical cal- 
culations as the equations for F m and G n . The boundary conditions on the functions 
G n (r"o) are somewhat more simple than those for the G n (rQ), as shown in the section 
Asymptotic Properties. This last feature makes little difference in a numerical treat- 
ment, however. More complicated projectors, similar to n^ + g-, are required only when 
the recoil of the target must be taken into account (ref. 6). 
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The Projector TT A+C 


Recall that the subspace . is spanned by all vectors of the form £)//, (where each 

Cj -*■ _► J 

f is represented by a function of the variables R, r or of rg, r^) and that it has the 

projection operator given in equation (66). Any selected set of states of the nucleus sd - 1 

corresponds to a set C of j values. The subspace J3 q is defined to be the direct sum 

of the orthogonal subspaces *f> . for all j c C and has the projector 

C-J 



The generalization of the projector II c is the projection operator 11^ + £ for the sub- 
space spanned by and combined. 

In discussing the transformation functions for this case, it is convenient to define a 
vector gj m in space whose representative gj m (r^) = (r^|gj m ) is the overlap inte- 
gral (eq. (7)). The transformation function (eq. (67)) and its adjoint represent, respec- 
tively, the operators K„(mj) = 1 (g. | and K„(mj)^ = 1 |g. ). The iterates 

" *• Q J “ 1 © J 1-11 

K ’(? 0 ,r 0 ';mm’) = <r Q , |n c |r Q ’, 0 mt > 

jj’) = < ^0» *l> I n A I * ^l' , ^j '> 


correspond to the respective operators 


K'(m, m’) = S.K 2 (mj)K 2 (m’j)^ = l ro C mm , 


K’(i,j’) ( m j )^ Kg (mj ’ ) ■*-rQ S m l^jm^j’m I 


(115) 


where the constants 


c mm T 


S j ^jm l^jm’^ 


(116) 


constitute a Hermitian M-dimensional matrix. The K’(j, j’) form an N’ -dimensional 
array of operators in (r^, r’ 1 ) space, where N' is the number of j values contained in 
the set C. Note that K'(m,m'yf =K'(m’,m) and K'(j,j’)^ = K’(j r , j). 
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The required operator products are 


n A n C =S m S j / d VlV.*m> K 2<V> V> V'- *] I * 0 " d? l" 



n A n C n A - m '> I I 

n C n A n c = I 

The operational rules are conveniently summarized as follows: 

Ham-^m) = 6 m’m p< ^m 
n am^j) = [ K 2^^]^m 

n cj*(^j> = 

A basis for £ . is given by the following construction. Consider the set of M 

r W 1 — ► 

vectors (gj m ,m c Aj in r ^ space. From these vectors construct an orthonormal set 
Wj— . On the assumption that the gj m are independent, the new set also contains M 
menbers and the index 17 can be taken to have the values 77 = 1, 2, . . . , M. Now 
suppose that the set Wj^, of which the first M members are the w_ , is a complete 
orthonormal set for functions of r^. The vectors w.^, v a M + 1, are orthogonal 
to the original gj m , since the latter vectors are linear combinations of the w— only. 
The vectors Wj^ that complete the set are not unique, of course. The constants are 
defined as 


b •= fe- 
rn, ji/ VB jm 


W j!/) = (01 


m 




(117) 


with b i • = 0 and g- = S-b *w.— . It will be convenient to use the index k to 

in 9 $ is jm v m, ]v 

specify the pairs (j, 77), which number M = N’M. The constants b m j— = b m k form an 
MxM matrix b. Directly from equation (116), c mm , = (bb^) miT1 , and from’ equa- 
tion (115), 
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K *a,j’) = l r S^(b T b) jT7J , i7 ,|w.-)(w jfF 


Thus, in r 1 space, K'(j j') operates only in the subspace spanned by the set {w i ,— } 
and transforms to a vector in the subspace spanned by the set tw~). Finally, the 
desired orthonormal basis vectors spanning £ - are z.. . = X w. d>.. 

CJ rj J" r J" J 

The projector II A+C can now be easily constructed by the methods that have been 
used previously from the forms 


n A+C = n A + n CpA 

(118) 

n A+C = n C + n ApC 

(119) 

n A+C = R a' + R C 

(120) 


where 




Be* = 


J 


(121) 


and F m ', Tj are, respectively, vectors in Tq space and ( r o> r i) space- The form 
(eq. (118)) leads to the examination of the vectors 

z ix,]v = ^ " n A^ z p , ]v 

= X p w j^j ” X p S m b m, jv^m 

which separate naturally into two subsets, namely, 


z = X (p 


z . • = z 

M, IV 


(122) 


where 
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m — = w !i/. -2b c b 

Y }v jW] m m,jT^m 


(123) 


The subspace is spanned by the totality of vectors - v given by equation (122). 

Because of their factors X any two vectors having different values of t± are ortho- 

H" 

gonal. Also, any vector z .• is orthorgonal to every other vector. Thus, to obtain an 
orthonormal basis that spans construct, for each value of ju, an orthonormal set 

from the M vectors z ■— s z . The scaler products 

^ Z M, j'^ = “ ^ n A z p,jul n A Z iU’, 

” 6 /Ip , ^jj ,5 i/F , ~ S m b m, ji7* b m, j’l^ 




(124) 


suggests introducing the Hermitian matrix a - ! M " b ^ b which is associated with the 
matrix a = 1^ - bb^ by the relations ab = ba and a - * = 1-^j + b^a - H>. A imitary 
matrix U that diagonalizes a as 


0%U = % = [a K 5 KK ,] 


(125) 


gives the orthogonal vectors 


Z = N 2 ,U , z . 
MK k k’ k’/c 1±k' 


(126) 


It follows from equations (124) and (125) that 


(Z |Z , ,) = N 2 a 6 ,6 , 

N Mk 1 H'k'' k k MJ-' k/c’ 


- 1/2 

The normalization of the vectors (eq. (126)) is accomplished by the choice N =(a ) ' . 

K K 

The set of vectors made up of the totality of the Z and the z -• is an ortho- 
normal basis for The projector for this subspace is 

n CpA = S m[^J Z Mk^ Z MkI + i Z M,jz>^ Z p,jv 3 


= 2 


M 


l Z M,j^^ hv,i'v'^ Z H,Vv' \ + S j S ^^ Z M,j^^ Z M, ji>\ 


U> V j’,1/’ 


(127) 
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where the relation a - * = U(aj})”*U^ has been used. When the second sum on the right 
of equation (127) is augmented by the terms required to extend the summation over all 
values of the indices, the result is simply : 




+ n. 


(128) 


Equation (127) can also be written as 

n CpA = d - n A> S, a - n A> 


(128a) 


where 


A ’ = 


ZEE 

M j, v j r , v' 




a -1 


' ’“W 


< z /xjvi 


+ II/- 


= S j S jl L'0j')k j )(^,) 


and 


L’(jj') 



lM ksv 


(w jv 


i + 6 )i’ ‘r, 


The form (eq. (120)) is obtained from the conditions 


n A (i - n c )(i - n A+c ) = o 


(129) 


(130) 


n C<l - n A)< X - n A + C> = 0 


which give 


R A’ = n A A ’ n A( 1 - n C ) 

r c = n c A f n c (i - n A ) 
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where A* and A' are, respectively, operators in £ A and defined by the relations 


HaA’ 1 ^ 1 - n c )n A = n A 

> 

n c A'n c (i - n A )n c = n c 


(131) 


Inserting the forms 




(132) 


and 


A* = SjSj,L*(jj f )| | (133) 

into the defining equations (eqs. (131)) yields 

L '( 1 r 0 1 M- 1 r 0 bbt ) = 1 r 0 1 M < 134 > 


and 


Sjf»L'0j M ) 


1 rn 6 i ,, r 


K’0",j f ) 






(135) 


The solution of equation (134) is L’ = 1 a" , and it is easily verified that the solution 

0 

of equation (135) is given by equation (130). The operators (eqs. (129) and (133)) are 
identical, so that II^, » = (1 - II A )R < -,. It is evident from equations (128) and (130) that 
the vectors w^, v > N + 1, have been eliminated in the final forms of n A+( -, by the 
closure property. 


COUPLED EQUATIONS AND THEIR BOUNDARY CONDITIONS 
Asymptotic Properties 

The operators developed in the preceding sections act on the total scattering state 
to produce components whose coordinate representations yield asymptotically the 
transition amplitudes for the reaction in the various channels. The projector n am , for 
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example, operates on to produce a component U m ( r o)0in> given by equation (6), 
which at large values of Tq has the behavior of the am term on the right of equation (1), 
if channel am is open. Of course, U m ( r o) becomes vanishing for closed channels. 
Similarly, the component V n (R)(x^) n projected out by has the asymptotic behavior 

given by equation (2). The corresponding properties of the components produced by the 
projectors for the redefined channel subspaces are illustrated by the examples of n^, n 
and n^ n , which are defined by equations (43) and (99), respectively. 

Write 


n (3'n* = 

n j5n* = 7 n <#>n 


(136) 


where 


Y n( f 0 ) = <f 0’ <^>nl*> 


and 


Y rS*0> = < r 0’ (^)nl*> 

The integrations in the scalar products can be performed with the volume element 
dT = drg dr" df, in which case the suitable wave function representative is <Tq, r, 

The asymptotic behavior in the (3 channels of the wave function based on the coordinate 
pair (?Q,r) is obtained from the expressions 



which show that, for large separations in the /3 channel, 

R Fo-f*o- r “Fo 
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From equation (2), 


N° 


(r Q ,r, H*> j (2tt)- 3/2 ^ ° 

n=0 


(137) 


where 77 n (i*Q, r) is given by equation (98). The asymptotic behavior of Y n (rQ) and 
Y n (r()) follows directly: 


Y n (r 0 ) j m 


-3/2 


Y n ( r 0 ) - (2») 


-3/2 


N° 

I 

n'=0 

N° 

Z 

n’=0 


1 W (r 0>V (k 0- r 0> — e 


1 lK n ,r 0 


~ ~ 1 i«n ,r n 

y nn , ^ r 0^ A /3n , ^0’ r 0^ ” e 

r 0 


The functions 


J x i 


*(F*)expl 


- iK n ,r 0 ' 


X iT (r’) dF 


(138) 


(139) 


are closely related to the functions given by equation (100). Equation (137) 

shows that, in terms of the coordinate pair (Fq, r), the wave function at large separations 
in the /3 channels is a sum of functions that are not orthogonal on the scalar product 
over the internal variables of the /3 fragments. Each term in the sum contributes to the 
projection in a given redefined /3 channel. The phase factor in ri n , which multiplies a 
spherical wave on the right of equation (137), depends on the coordinate F as well as 
Tq and shows explicitly the nonuniform nature of the asymptotic motion in the /3 chan- 
nels when described by the coordinate pair (F Q , r). 

The projection operator (eq. (66)) produces the component 

n cj^ = Wj^j (140) 
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where Wj is a vector in (R, r) space, or equivalently, in ( r Q, r^) space. The expan- 
sion 


Wj(R,?j = <R,r[W j > = S i a.(R)x i (^ ) 


(141) 


is convenient for discussing the asymptotic properties of Wj(R, r). The sum on the right 
of equation (141) includes the continuum states of 0 as well as the bound states. At 
large separations in the j3 channels, that is, for large R and r < Rp, the discrete 
terms in the sum have the asymptotic behavior given by equation (2). In contrast to the 
components (eq. (136)), which refer to specific /3 channels, the component (eq. (140)) 
does not vanish at asymptotic values of the variables in the open channel am. This 
asymptotic contribution in channel am corresponds to the projection of 0 m on ^ and 
is described by a superposition of continuum terms in the sum (eq. (141)). The contri- 
bution is missing in the term from equation (119), and therefore this term does 

not yield the complete asymptotic behavior in the a channels. If the three particle 
channels (n, p, and si- 1) are open, there will be additional nonvanishing continuum com- 
ponents a^(R), at large values of R, corresponding to the appropriate continuum states 
of 9. 

The coupled equations describing the reaction can be formulated in terms of the 
components F m and G n of equation (81), F m and G n of equation (103), or F m ’ and 
Tj of equation (121). The asymptotic properties of the component functions provide the 
corresponding boundary conditions that define the desired solutions of the system of 
equations. From the conditions analogous to equations (10) and (11), namely, 


n am^ - n A + B’> = 0 


n /3’n^ " n A+B’) “ 0 j 


(142) 


are obtained, with the help of the operator rules (eq. (87)), 

U m = F m + S n J l (mn > G n 
Y n = s m J l< m ") tF m +G n 


From the property (eq. (48)) on the matrix elements (eq. (83)), it follows that 
F m (r 0 ) - U m (r 0 ) and G n (r" 0 ) — Y n ^0^' The functions F m (r’ 0 ) for the a channels have 
the usual outgoing and incident wave behavior given by equation (1). However, the func- 
tions for the /3 channels require that the boundary condition of outgoing waves only be 
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imposed on appropriate linear combinations, namely, 


N° 




mr 


G n ,(r 0 ) - (2 tt) 


-3/2 


'A (k r ) 1 e 1 * 11 * 0 
A /3n' K 0’ r 0* e 

r 0 


n'=0 


(143) 


When the equations analogous to equation (142) for (with n^ n replacing n^, n ) 

are employed, and the vanishing of the matrix elements (eq. (104)) at large r^ is taken 
into account. 


F m( r 0)- U m< F 0> 

N° 

S n<?0> - ^ [ I/ ' 1<? o)] nn , ? n-( ? 0> 

n’=0 

-(2 1 r)- 3 / 2 A (3n (k 0 ,; 0 )-L e Vo 

r 0 

Hence, the outgoing wave boundary condition applies directly to the functions G n (rp). 

The analogs of equation (142) for n^ +c (with II CJ . appearing in place of n^, n ) give 

*= F m’ + Sj K 2(“i) T j 

= < 144 > 

W j = s m F m'^jm + F j ( 44 ^) 

Asymptotically in the /3 channels, both Tq and r^ become large, and equation (145) 
shows that 

T jf 0 > r i> £ ( 146 > 

In the a channels, however, ^ remains bounded as Tq becomes large, and 
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Coupled Equations 

In the method given by Feshbach (ref. 1), the Schrodinger equation (E -jf)^ = 0 
yields an equation for P^ 


(E - H)P* = 0 


( 147 ) 


in which the effective Hamiltonian is 


H - *p p + -^p (148) 

* " -TJQ 

Here, P is the open channel projection operator, Q = 1 - P, and -^pQ = RfQ, and so 
forth. In the case of the pickup reaction, P can be chosen as one of the projectors in 
the section MULTICHANNEL PROJECTION OPERATORS, where all the open channels 
are included in the sets A and B. If there are open three-particle channels, the pro- 
jector n A+c would be required. 

The projector n A+B , in the form of equation (80), for example, leads to a set of 
coupled equations for the functions F m ( r o) an< * ^n^ r 0^‘ Operating on equation (147) 
with n o’m and n /3’n’ res Pectively, gives 

-N, 

= (0 H l K A* + R B’*> 


"m° 

y 

Y J i ( m n) 1 'F m + G n 
m=0 

= ([X^] n |H|R A ’F + R B ,^) 

> 


The boundary conditions for the F m are given by equation (1) and for the G n by equa- 
tion (143). The form of n A+ p» given by equations (78) and (94) produces channel com- 
ponents which are all orthogonal to one another. The resulting coupled equations are 
analogous to equation (149), but they have a more convenient form with only one channel 


N° 


F + 
m 


Ys J i( mn ) G n 


n=0 



function appearing on the left side of each equation. On the other hand, the unitary 
matrix U n t n (?Q) in equation (92) must be evaluated in this approach. 

An appropriate separation of the total Hamiltonian is associated with each type of 
channel. The separation corresponding to the a channels is 3t- T q + + V , where 

V a is the interaction between the a fragments, is the sum of their center -of -mass 
kinetic energies, and is the sum of their internal Hamiltonians (with each internal 
Hamiltonian referred to its fragment’s own center -of -mass system). There is a similar 
resolution for the /3 channels. Recall that the projector n^ + -g» is based on the choice 
of natural coordinates for the a channels. Consequently, the usual form of T fl suffices 
for the partial wave expansion of the functions F m (rQ). The kinetic energy operator T^, 
however, must be expressed in a form suitable to the choice of coordinates (Fq, r) in the 
/3 channels. Since the core nucleus si - 1 is infinitely massive, the reference frame 
provided by the fixed core itself has been used. In this reference frame, T^ = (1/2 Mj^)P^, 
where 5^ is the total momentum of the fragment 2, and is its mass. 

For simplicitly, the masses of n and p have been taken to be the same, namely M, so 
that their total mass is M D = 2M and their reduced mass is \j. =(l/2)M. The kinetic 
energy Tg is the same as that of a point mass whose velocity is that of the center 
of mass of fragment 2. Thus, the following equation can be written; 




d_- _ d_ 1 
dt 0 dt 2 



(150) 


The form (eq. (150)) gives the transformation of the kinetic energy from a reference 
frame moving with velocity (dr^/dt), in which particle n is at rest, to the reference 
frame of the fixed core. The term 



is the kinetic energy of the point mass in the moving reference frame. The quan- 
tities P n = M (drjy'dt) and p = /i(dr/dt) are the momentum of particle n in the frame 
of the fixed core and in the center-of-mass system of fragment 9, respectively. The 
kinetic energy operator becomes 
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The momentum operators have the coordinate representations P n — -ifi v r and 
p — -iK V p . Finally, 0 




1 r2 ^2 _ 

+ — L + 2R V„ 

r 2 r 0 

r 0 


v r - K 2 V 2 


where L = Tq x P n# The terms arising from T^ in the coupled equations (eqs. (149)) 
are much less complicated than the corresponding contribution in the coupled equations 
given by n A+ g. 

Consider now a selected set of open a and /3 channels, for which an appropriate 
projector is n M , of the kind given in the section MULTICHANNEL PROJECTION 
OPERATORS, for example. Then, an open-channel subspace & of the class that has 
been used here can be resolved into the direct sum of the projective space of IL^, 

and of J 5 k , the largest orthogonal subspace in Thus, 


9 = £ m © £ k 




p - n M + n K 


n M n K “ 0 


(151) 


With the same procedure as was used in reference 7 for the case of a selected set of 
inelastic channels, the generalized potential for the projection can be derived. 

The steps involved are exactly analogous to those which lead from equation (40) to 
equation (45) in reference 7. In the present case, start with equation (151) and replace 
IIj by H M in the subsequent equations of reference 7. In terms of the generalized 
potential, the components of satisfy a set of coupled equations. Appropriate energy 

averaging of the transition amplitude leads to an expression for the generalized optical 
potential that describes the direct reaction in the selected channels. Again, the pro- 
cedure directly parallels the derivation in reference 7 for the case of inelastic scattering. 

The optical model Hamiltonian can be written 

h M = h(+) + U CN < 152 > 


The compound-nucleus term gives the energy -averaged resonance contribution to 

the transition amplitude. The scattering eigenstate 9^ of h M yields the energy - 
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averaged transition amplitudes in the selected channels. Necessary conditions are 

n M e (+) = q(+) (1.53) 

% h M = h M n M = h M 

If Iljyj is a projector of the type n^ + g f , coupled equations for follow in the 

same way as equation (149), except that h M appears in place of H, and II^ +B , now 
refers to a selected set of open a. and /3 channels. If a phenomenological optical poten- 
tial is associated with the exact potential given by h-^, the condition (eq. (153)) can be 
taken to hold for the solution given by the empirical generalized potential, that is, 

= l)( + \ Here, is the projector obtained by the replacement of the exact 
internal states in Ilj^ by the approximate states given by the model. The appropriate 
Iljyj is employed to obtain a set of coupled equations like equation (149) for the compo- 
nents of The phenomenological potential consists of the various coefficient func- 

tions that enter in the coupled equations; it corresponds to the matrix elements of the 
associated h M taken between the internal states of the channels included in R^. The 
potential is determined by adjustment to produce the optimum fit to the experimental 
data. 

Lewis Research Center, 

National Aeronautics and Space Administration, 

Cleveland, Ohio, March 19, 1968, 

129-02-07-07-22. 


56 


mi 


APPENDIX - SYMBOLS 


A 



s* 


j/-l 

a 

«■*» 

a 

a 

a D 

a 

K 

B 

B 

B° 

B 

b 

b 

C 

C 

C mm' 

c 


C nn' 


mm' 


D 

9 


selected set of a channels 

set of all open a channels 

transition amplitude for channel am 

transition amplitude for channel /3n 

nucleus consisting of particle p bound to the core 

heavy core nucleus 

matrix equal to 1^ - bb^ 

value of Fq 

matrix equal to 1^ - b^b 
diagonalized form of matrix a 
eigenvalue of matrix a 
selected set of /3 channels 
matrix equal to - Ay -1 A* 
set of all open /3 channels 
matrix equal to 1 N - i/ -1 A^ A 
matrix whose elements are b 

m, k 

equal to (g jm |w jy ) = b m> K 
value of R 

selected set of j values 

matrix equal to 1 B~* 

r 0 

matrix element of C 

matrix equal to 1 (i/B) - '*' 

r 0 

matrix element of CT 
equal to Sj(g jm |g jm ,) 

equal to [(gig)] 1 / 2 

subscript designating nucleus @ 

bound system of particles n and p 



d 


d 

% - * th 

dv 

d *0 d? l 

dr 

dr~ d ^l d ^ 

dT l 

dp x di^ df 

E 

total energy 

F 

vector in R space 

F* 

vector in Tq space 

rs-/ 

F 

vector in r^ space 

F * 
m 

vector in r^ space 

/ — > 

F 

m 

vector in rjj space 


, 

F 

m 

vector in r^ space 

G 

vector in r^ space 

G 

vector in R space 

G n 

vector in r Q space 

G n 

vector in rg space 

g^) 

abbreviated rotation for gj m (F^) 

Sjm< r i> 


H 

effective Hamiltonian 


total Hamiltonian of system 

*VQ 

E*Q 


direct sum of channel subspaces J5 am , m c A 

^A° 

direct sum of all open channel subspaces ■S Q!m 


direct sum of channel subspaces S^ n , n c B 

■B b ° 

direct sum of all open channel subspaces 


direct sum of channel subspaces sS^, n , n c B 

'^B 

space spanned by all subspaces J3^ n , n c B 

-B c 

direct sum of channel subspaces jj j c C 

^A+B' 

space spanned by ^ and J3g, combined 
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^B'pA 

^ApB' 

^A+B 

^BpA 

^ApB 

^A+C 

^CpA 

^ApC 

a K 

hSq, 

•5 Oft 

^am 

^aPm 

£p 

^/3n 

^/3'n 

£/3n 

^cj 

^ffi+j3 

^j3pa 

^apjS 

^0!+/3 f 

^'pa 

'^O'p/3* 

^a-’+ZS 

'^a' , p/3 

^paf’ 


largest subspace of £g r that is orthogonal to J3 a 

largest subspace of J5 a that is orthogonal to J5g, 

space spanned by £ A and combined 

largest subspace of J5g- that is orthogonal to J5 a 

largest subspace of J5 a that is orthogonal to <0g 

space spanned by £ A and £ c combined 

largest subspace of <£>£ that is orthogonal to J3 a 

largest subspace of -£$ A that is orthogonal to 

the largest subspace of 9 that is orthogonal to J5^ 

the projective space of n M 

abbreviated notation for 0 

^dm 

abbreviated notation for £ , 

channel subspace spanned by all states representable by p(r o )0 m (r 1 ,J) 
channel subspace spanned by all states representable by s(R) 0 m (r" 1> |) 
abbreviated notation for £^ n 

channel subspace spanned by all states representable by a(R)(xi^) n 

channel subspace spanned by all states representable by t^^x^r 

subspace spanned by all vectors representable by p(rQ)(77J//) n 

channel subspace spanned by all states representable by £(R, rji /'j(l) 

abbreviated notation for £ . 

^cj 

space spanned by and £^ combined 
largest subspace of £^ that is orthogonal to £ a 
largest subspace of J3 a that is orthogonal to 
space spanned by J3 a and £^, combined 
largest subspace of £^, that is orthogonal to § a 
largest subspace of £ a that is orthogonal to £^, 
space spanned by £ a , and £^ combined 
largest subspace of £ a , that is orthogonal to £^ 
largest subspace of £^ that is orthogonal to 
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;1 M 

.(+) 


^a+c 

"^apc 

^cpa 

h (r 0 ) 

h (r 0 ) 

h D^ r 0^ 

V 

h I 

I 

T 

Ii(R, R') 
Ii 


1 

J 

J 

Ji(V7> 

J ^ (r q, r q, , m , n) 


J^mn) 
J(m, m’) 

J(n,n*) 

/I 

/2 

3 

K 

K 


space spanned by £ a and £ c combined 
largest subspace of £ that is orthogonal to £ 

Cx L 


a 


•largest subspace of £ c that is orthogonal to £ 
abbreviated notation for h mn (?o) 

y' dir i , gjm*( r i , )X i ( ? 0 - ? ' 1 t ) 

matrix whose elements are h mn (r^) 

diagonalized form of matrix h(?g) 
an eigenvalue of h 
the exact optical model Hamiltonian 
direct reaction term of optical model Hamiltonian h 

I l I l t 


M 


<R, 0 x^> 

abbreviated notation for I^(R, R’) 
specifies state of nucleus 2 

■W 

j i tj i 

abbreviated notation for J^(?q, ?q'; m, n) 

<*0’ O 

matrix of array J^(mn) 

array of operators represented in r^ space by Jj(rQ,r ( 

X J i ( m j n )J-i^(n, m 1 ) 
n x x 


Jacobian determinant 
Jacobian determinant 
specifies state of nucleus sf-1 

K i K i 

K i% 


; m, n) 
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K^R) 

<Tq, <fi | R, x»^> , channel transformation function based on natural 

coordinates in both channels 

K’ 

K 2 K 2 

K' 

K 2 tK 2 

K 2^0» ? 0 , » ? l , » m3) 

K 2 (mj) 

K’(m,m’) 

array of operators represented by K 2 (Fq; Fq', F^*; mj) 

X) k 2 ( m i )K 2 (m 1 j 
j 

^2 K 2 (mj)^K 2 (mj’) 



m 

CXq 

sum of internal Hamiltonians of a fragments 


wave vector of incident plane wave in channel aO 

*m 

wave number for relative motion of free fragments in channel am 

L 

fv. x P 


0 n 

L 

(l r -K)- 1 
r 0 

L 

<!r - K)" 1 

L' 

d r -K') 4 
r o 

L’ 

\ a_1 
r 0 

L'(mtQ') 

array of operators in Fq space that comprises L' 

L'aj’) 

an array of operators in (Fq, F^) space 

L' 

(1 1 -KT 1 
r 0 r l 

H R) 

f dr’g*[R - (1/2)7 ']x(F) 

M 

value of M n and Mp when they are equal 

M 

number of channels in the selected set A of channels 

M 

N'M 

m d 

mass of nucleus D 

M n 

mass of particle n 

M P 

mass of particle p 

M° 

number of open a channels is M° + 1 
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M x 


m 

specifies state of nucleus si 

m(b) 

l/ 2 

[l- (l/64)|z(b)| 2 ]" 

N 

number of channels in selected set 

N° 

number of open /3 channels is N° 


o "1/2 

N 

(i - 4) 

N* 

number of j values in set C 

N„(a) 

[i - »„<^)]- 1/2 

Nn< r 0 > 

r ^ -1-1/2 

KM 

N 

K 

^)- 1/2 

n 

specifies pair (i, j) 

n 

incident particle in pickup reaction 

n(a) 

[i- N ^)| 2 ]- 1/2 

O 

d -1 1_ 

r 0 

U 

d -1 1 


r 0 

°mm' 

matrix elements of O 

O nn , 

nn 

matrix elements of O 


n 

h 

& 

& 

P 

P 

Q 

% 

Q s 


projection operator that selects all open channels 
momentum of particle n in frame of fixed core 
total momentum of fragment 9 in frame of fixed core 
open channel subspace 

subspace of & corresponding to Hilbert space of the model problem 
particle bound to core sf - 1 in nucleus d 

momentum of particle n in center-of-mass system of fragment 9 

1 - P 

“ n S 

counterpart of Qg in model problem 
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a 


2 
R 
R 
R 

R )3 

rsj 

R <* 

R /3 t 

R a' 

(V 

R /3 

R a’ 

R c 

R A 

/VI 

R A 

R B’ 

r a 

% 

r a , 

R c 

%) 

r 

r n 


1 2 > ' ’ 
s(P x ) 

T 

T « 

T /3 

t j 


closed channel subspace, compliment of 0* in total Hilbert space 
center-of-mass position vector of & 
unit vector in direction of R 

idempotent part of with property R fl f = u<p 

idempotent part of II a+ ^ with property R^ = vx\p 

(V/ A/ 

idempotent part of II a+ ^, with property R^^r = F0 
idempotent part of K a+ p, with property = Gyi// 

idempotent part of n a , + ^ with property R^,^ = F <p 

r*J r*j 

idempotent part of with property = Gxrp 

idempotent part of II with property R fft ^ = F *0 

idempotent part of II a+c with property R c ^ = T if/ 

effective radius of nudes ^ 

idempotent part of n A+B , with property R A >I> = SF m ^ m 
idempotent part of R A+B t with property Rg,^ = SG n (x^) n 
idempotent part of n A+ g with property R^^ = sF m 0 m 

idempotent part of n A+ g- with property Rg'k = £G n (? l^) n 

idempotent part of n A+c with property R A '^ = 2F m f </> m 

idempotent part of lI A+( -, with property R^'f = 2 T\i/a 

effective radius of nucleus Q 

r 0 “ r l 

position vector of particle n 

unit vector in direction of Tq 

position vector of particle p 

position vectors of particles in core nucleus j/-l 

state of motion for mass centers of a fragments in terms of coordinate 
a vector in (Fq, F^) space 

sum of center-of-mass kinetic energies of a fragments 
sum of center-of-mass kinetic energies of /3 fragments 
vector in (Fq, F^) space 
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t(p 2 ) 

state of motion for mass centers of /3 fragments in terms of coordinate 

u 

unitary matrix 



u 

vector in Tq space 

u x< r o> 

eigenfunction of K 

U CN 

compound-nucleus contribution to optical model Hamiltonian 

V n (R) 

<R, (x^) n l*> 

v « 

iteraction between a fragments 

V 

vector in R space 

V X (R> 

eigenfunction of K 



w i< r i> 

(l/c o )g(r 1 ) 

»/i> 

complete orthonormal set for functions of r ^ 


an orthonormal set constructed from the set gj m , m c A 

V r i> 

a complete orthonormal set whose first M members are w— (r 

V F o> 

complete orthonormal set for functions of Tq 

*b 

6 b^ 

% 

m(b)(l - n^)X b 

*x 

M x (1 - W 

Y an 

»al°n> 

V 

W n<'o> 23 "n'n (r O > l F 0’ <*V> 

n 

Y n< r 0» 

<r 0 > (x^) n |*> 

W 

<r 0 , (7^) n I^) 

Y a 

6 a^ 

y a 

n(a)(l - n a )y a 

^an 

6 a (X^) n 

^an 

d - n A»an 

y* 
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- n «> v x^ 


PK 


11V 

W 

IXV 

< l - W 

M, jv 



('-“aN.j, 


z 
z 
z 
z 
z 
a 

am 

0 

/3n 

A mn^ r O^ 

6 a 

°b 

& 

e(r 0 ) 

e (+) 

q(+) 


K 

K 

K n 

A 

A 

\> 

A N 

a n 

A’ 


designates particles of certain kind of channel 
specifies channel of a type 
designates particles of certain kind of channel 
specifies channel of /3 type 

d? l'Sjm*< ? l'H.fr0’ r 0 - r i’> 

normalized eigenvector of J(m,m’) and J(n, n’) 

normalized eigenvector of I and I 

vector in (R, r) space 

exp(-iK n r Q • r/2)x i (r) 

unitary matrix that diagonalizes y(rg) 

scattering eigenstate of generalized optical potential h^- 

scattering eigenstate of phenomenological potential associated with h M 

index that specifies pair (j , i7) 

constant 

wave number for relative motion of free fragments in channel /3n 

L 1 0)(0 | 
l|x^)(x>^I 
°I<p)(<pI 
vixm*l 

m 2 i R n a , 

m 2 i R n fi 

L'foxtl 
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A c 

S m, ^m^m' f 

A c 

s n,n’ 5 nn»l[^W 1 ^ln*l 

X 

eigenvalue of K and K 

M 

reduced mass of n and p 

M nn^ r O^ 

matrix elements of ju(rg) 

W^0> 

5jj» f exp[ir Q . r *(« n - K n r )/2] dr i x i *(r»)x i ,(r») 

T7 nn’^0 ) 

6jj. / exp(-i/c n ,r 0 • r , /2)x i *(r*)x i ,(r’) dr» 


matrix whose elements are ^(rg) 


diagonalized form of matrix v(tq) 

V 

index which can take values 1, 2, . . . , M 

V 

index whose values are integers greater than or 

? 

represents set of coordinates r^, . . . , r^ 

°A 

projection operator onto ^ 

n A° 

projection operator onto 

n B 

projection operator onto ^ 

n B' 

projection operator onto 

% 

projection operator onto £g- 

n B° 

projection operator onto 

n c 

projection operator onto 

n A+B’ 

projection operator onto ^ +B , 

n B’pA 

projector onto 

n ApB’ 

projector onto h6^ p b’ 

n A+B 

projector onto 

n BpA 

projector onto 

n ApB 

projector £ Ap g 

n A+C 

projector onto 

n CpA 

projector onto <££ pA 

n ApC 

projector onto 

% 

projection operator onto ^ 


(M + 1) 
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n o' , m 


Vpa 


^a'p/3 


P(*n) 


projection operator for a selected set of open channels 
counterpart of in model problem 

projector onto largest subspace of & that is orthogonal to 
projector onto largest subspace of & that is orthogonal to \0g O 
alternative projection operator to H-^ 
counterpart of Ilg in model problem 
abbreviated notation for n 

a 

projection operator on 3 am 

projection operator onto 

abbreviated notation for n 0 „ 

P n 

projection operator onto 

projection operator onto ■3^r n 

abbreviated notation for n . 

C J 

projector onto <|3 . 

CJ 

projector onto 3 a+ p 
projector onto 3p pa 
projector onto £ ^ 

projector onto $ a+ p, 
projector onto 3p pa 
projector onto 3 ap p, 
projector onto 3 a , + p 
projector onto 3 a , p p 
projector onto 3^ pa , 
projector onto 3 a+c 
projector onto £ 
projector onto a cpQ! 

coordinate for a channels, in addition to r^ 
coordinate for /3 channels, in addition to r 
common coordinate for both a and /3 channels 
state of motion for mass centers of a fragments 
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<r( R) 
ff x (R) 

*m&V l 
H r v I) 


<Pr 


state of motion for mass centers of /3 fragments 
complete orthonormal set for functions of R 
wave function for m excited state of nucleus d 
abbreviated notation for D 

N (<p - g if/) 


Vo" 

Vjv 

X^r) 

X(r) 

Win 

* 

mT) 


NfWjif/ - c Q <p) 

w il/- - s b d> 

jWj m m,]17^m 

11. 

wave function for i Ln excited state of particle & 
abbreviated notation for Xj( r ) 

h+j 

total scattering state 

iu 

wave function for j excited state of nucleus d-1 
abbreviated notation for Xj ( I ) 


°n ^^n'^n'nf^^n' ” ^mVn'^ml 

n (xV - h0) 

"o' m[(j) - (1/8)1 *xV] 

w n ^^n ~ ^m^mn^m 

Mathematical notations: 


fi 

5 

mm* 


< I) 

(!) 



* 

t 

c 


Planck's constant divided by 2 tt 
K ronecker delta 

gradient operator with respect to coordinate r 

scalar product over a complete set of variables for system 

scalar product over a set of variables that is not a complete set for system 

unit vector in r space 

M -dimensional unit matrix 

direct sum 

complex conjugate 
Hermitian adjoint 

is contained in 
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intersection 



REFERENCES 


1. Feshbach, Herman: A Unified Theory of Nuclear Reactions, n. Ann. Phys. (N. Y. ), 

vol. 19, no. 2, Aug. 1962, pp. 287-313. 

2. Mittleman, Marvin H. : Coupled Equations for Rearrangement Collisions. Ann. Phys. 

(N.Y.), vol. 28, no. 3, July 1964, pp. 430-434. 

3. Coz, Marcel: Projection Operators for Rearrangement Collisions. Ann. Phys. 

(N. Y. ), vol. 35, no. 1, Oct. 18, 1965, pp. 53-66. 

4. Hahn, Yukap: Projection Operators in the Unified Reaction Theory. Phys. Rev., 

vol. 142, no. 3, Feb. 18, 1966, pp. 603-607. 

5. Chen, J. C. Y. ; and Mittleman, M. H.: Coupled Equations for Rearrangement 

Collisions. H. Ann. Phys. (N. Y. ), vol. 37, no. 2, Apr. 1, 1966, pp. 264-270. 

6. Chen, Joseph C. Y. : Formal Theory of Multichannel Rearrangement Collisions. 

Phys. Rev., vol. 152, no. 4, Dec. 23, 1966, pp. 1454-1459. 

7. Volkin, Howard C.: Generalized Potentials for Inelastic Scattering. Phys. Rev., 

vol. 155, no. 4, Mar. 20, 1967, pp. 1177-1190. 


70 


NASA-Langley, 1968 


24 


E-3918 



